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Abstract

We introduce a stochastic dynamic optimization problem, where risk aver-
sion is expressed by a stochastic ordering constraint. The constraint requires
that a random reward sequence depending on our decisions dominates a given
benchmark random sequence. The dominance is defined by discounting both
processes with a family of discount sequences, and by applying a univariate
order. We describe the generator of this order. We develop necessary and suffi-
cient conditions of optimality for convex stochastic control problems with the
new ordering constraint and we derive an equivalent control problem featuring
implied utility functions.
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1. Introduction. In our earlier publications [2-5] we have introduced and
analysed the following optimization model with stochastic dominance constraints:

(1) max E [H(z)]
(2) st. G(2) =) Y,
(3) z € Zy.

In this problem Zj; is a convex closed subset of a Banach space Z, and G and
H are continuous operators from Z to the space of integrable random variables
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L1(£2,F, P). The random variable Y plays the role of a benchmark outcome. The
relation = (9) used in (2) is the stochastic dominance relation of the second order
(see [3:9] and the references therein).

Our objective is to extend model (1)—(3) to a dynamic setting, with G(z)
representing a random sequence, rather than a scalar random variable. We are
interested in modelling risk aversion in a stochastic control problem for a discrete-
time linear dynamic system governed by the equations

Str1=Ast+ Boop+ep, t=1,...,T.

Here s; denotes the state vector at time ¢ and v; denotes the control vector. The
vectors e; and the matrices A; and B; are random. The initial state s; is given.

To formulate the problem, assume that on the probability space (§2,F, P)
we have a filtration Fy C Fo--- C Fry1, with F; = {&,2} and Friq = F.
The o-field F; is generated by the information available at time ¢, when control
vy is chosen. We assume that e; € L3*(82, Fy1, P), vy € L3*(2,F, P), s¢ €
Lye(£2, Fy, P), with some p € [1,00). The matrices A; and B; are elements of
spaces of matrices of appropriate dimensions which are measurable with respect
to F; and essentially bounded. The standard symbol L7'(f2,F, P) denotes the
space of all F-integrable mappings X : 2 — R™, for which E|| X||? < oco. If the
values are taken in R, the superscript m is omitted.

Specific conditions impose additional constraints on our actions: vy € V4,
P-a.s, where each V; is a convex closed set in R™.

Assume that the random outcomes X; representing the performance measures
of the system at t = 1,...,7T 4+ 1, are scalar and given by

Xi(w) = gi(se(w), ve(w)), fort=1,...,T,
Xrp1(w) = gry1(sri1(w)), w € L2

(4)

The functions g; : R™ x R™ — R are concave and satisfy the growth condition:
|g¢(s,v)] < C1 + Co(||s|[P + [|v]|P), with some constants C; and Cs. If p = 1 this
condition (for concave functions) amounts to global Lipschitz continuity.

We adopt the convention that larger values of X; are preferred.

Relations (4) define mappings G:Ly* (£2, F, P)x Ly (2, Fi, P)—L1(£2, F, P),
t=1,...,7T, and Gry1 : L3*(92,Fri1,P) — L1(82,Fry1, P), in the following
way:

[Gi(st,v0)](w) = ge(se(w), v (w)), t=1,...,T,
[Gri1(sr41)](W) = gria1(s71(W)), w € 2.

We write G(s,v)= (Gl(sl, v1),...,Gr(sr,vr), GT+1(ST+1)). Here s=(s1,...,87+1)
and v = (vy,...,vr) represent the variables of our problem.

Our goal is to model risk aversion in dynamic problem by using stochas-
tic orders. To this end we compare the multivariate distribution of the rewards
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(X1,X9,...,Xpy1) with the distribution of some benchmark outcomes
(Y1,Y2,...,Y741).

The space of continuous functions on a compact set D C R" is denoted C(D).
The space of regular countably additive measures on a compact set D C R"
having finite variation is denoted M(D); its subset of nonnegative measures is
denoted by M (D). For a Banach space Z we denote its topological dual by
Z*. We denote the space of the random outcomes by X = £1(2,F1,P) x -+ X
L1(2, Fri1,P). Its dual is X* = Loo(2,F1,P) X -+ X Loo(£2, Fri1, P).

2. Stochastic dominance for random reward sequences. The notion of
stochastic ordering for scalar random variables (or stochastic dominance of first
order) is defined as follows. For a random variable X we consider its distribution
function, F(X;n) = P[X < n], n € R. We say that a random variable X dom-
inates in the first order a random variable Y if F(X;n) < F(Y;n) V n € R.
We denote this relation X =) Y.

Consider a scalar random variable X € £;(£2,F, P) and define F»(X;n) =
" F(X;a) da, for n € R. A random variable X € £1(£2,F, P) dominates in
the second order a random variable Y € £1(§2, F, P) if F5(X;n) < F»5(Y;n) for
all n € R. We denote this relation as X =) Y. Equivalently: E[(n — X);] <
E[(n —Y)4] for all n € R.

Let us consider the set U of concave nondecreasing functions v : R — R
satisfying the following conditions: tgr_noou(t) Jt < oo, and tll)rgo u(t) = 0. With

every u € U we can associate a measure v on R as follows: v([r,00)) = u’_(7),
where v’ is the left derivative of u. Representing u(t) = — [“u/ (1) dr and
integrating by parts, we get

(5) u(t) = — /_OO max (0,7 —t) v(dn).

It is is well-known that the relation X = (9) Y is equivalent to E[u(X)] > E[u(Y)]
for all u € U.

Consider random vectors (X1,..., X7r41) and (Y7,...,Y7r41) in £1T+1(Q, F,P).
Let

DC{peR"™ :1>p1 >p> - >ppry1 >0}.

Definition 1. A random sequence (X1,...,X741) € X dominates a random
sequence
(Y1,...,Yr41) € X in the discounted second order, if for all p € D the relation
Ztlel Pt Xt = (2) Ztlel ptYy is satisfied.

We denote this relation by X E?Qih)‘ Y. For brevity we write (p, X) = Ztlel peX¢.
We obtain

(6) E[u({p,X))] > E[u((p,Y))] forallu € and all p € D.
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Using (5), we conclude that for every nonnegative measure v on R and for every
peD

[ [ maxn-(p. (@) vld) Pla) < [ [ max0.0-0p,¥ @) vldn) Pla).

N R N R

For every A € M4 (R x D) we define a concave nondecreasing function @) :
R - R as

oa(z) = — / max(0,17 — (p,2)) Md(n, ).
RxD

Proposition 1. For each X,Y € X the relation X E?Qij Y is equivalent to

(7) Elpr(X)] = E[pa(Y)] for all A € M, (R x D)}.
Proof. Assume X E?Qih)‘ Y. Take any A € M (R x D). We shall show inequal-
ity (7) for ¢y. Let A, be the conditional measure of A on R, for p € D (see, e.g.,

[7], Theorem 10.2.2). Denote by u the marginal measure of A on D. The integral
over R x D can be written as an iterated integral (see, e.g., [7], Theorem 10.21):

(@) = - / / max(0,17 — (p,z)) A, (dn) u(dp).

D R

From the definition of i?éﬁ and (6) it follows that

[ [ max(0m={p.X(@) Anlan) Pldo) < [ [ max(0.5-(p,¥ @) Anldn) Pl

N R 2 R

Integrating with the measure p and changing the order of integration, we obtain

Elpa(X)] = — / / / max(0, 7 — (p, X (@))) Ap(dn) p(dp) P(dw)

2 DR

> _ / / / max(0, 7 — (p, Y ())) Ap(dn) u(dp) P(dw) = Elpr(¥)],

2 DR

as required. To prove the converse, we observe that we can choose measures \ such
that their marginal measures p on D are atomic. The last displayed inequality
becomes equivalent to the inequality in (6). This is equivalent to the definition of
the order t‘(iéﬁ. O

Another way to characterize the relation t((g? is to use the integrated distri-
bution functions:

(8) Fa((p, X);m) < Fo({p,Y);n) for all p€ D and all n € R.
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3. Optimality conditions. The implied utility functions. We intro-
duce the stochastic dynamic optimization problem with discounted dominance
constraints

T

max Z EG;(st,v) + EGriq(sT+1)
t=1

(9) s.t. St+1 = AtSt + Btvt + e, t= 1, e ,T,
(G1(s1,v1),...,G1(s7,v7), Gry1(5741)) = ( ) Y (Y1, Y, Yry)
weVias., t=1,...,T.

Define the space of controls (v1,...,vr) by V = LJv(£2, F1, P)x---xL3*(£2, Fr, P).
The space of state trajectories (sa,...,s7+1) is denoted by S = L3*(£2, F», P) x
X ﬁgs(g,qu_l, P)
The relation X =% Y can be equivalently formulated as (8). For techni-
cal reasons, which will become apparent later, we restrict the range of n € R,
for which we impose (8) to an interval [a,b], and transform problem (9) to the
following:

T
(10) max Z EGt(St, Ut) + EGT+1(ST+1)
t=1
(11) s.t. St+1 = AtSt + Btvt + ey, t= ]., . 7,I',
(12) Fy({p, G(s,v));m) < Fo({p,Y);n) for all p € D and all n € [a, b],
(13) vweVas, t=1,...,T.

Define the set U([a,b]) of functions u(-) satisfying the following conditions: wu(-)
is concave and nondecreasing; u(t) = 0 for all ¢t > b; and u(t) = u(a) + y(t — a),
with v > 0, for all ¢ < a.

Define the class of functions

#(a . D) ={ = [max(0.n - () Adlr.p) A€ Mo ((ant] x D) .

[a,b]xD

By the same argument as Proposition 1, the set ®([a,b], D) is a generator of the
order (12).

We introduce the functional L : & X V x &([a,b], D) — R, which plays the
role of a partial Lagrangian associated with problem (10)-(13):

T

L(s, v, ) [ZGt st,vt) + Gry1(s741)
t=

( (Gi(s1,01),- .., Gr(s7,07), Gri1 (5711)) —gp(yl,...,YT,YTH))]
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For a fixed ¢(+), we use L as an objective functional in an auxiliary control problem

T

(14) max E [ZGt(st,vt) + Gy (5741)
t=1

+ (@(G1(81,U1), ooy Gr(st,vr), Gry1(st+1)) — (Y, ... 7YT7YT+1))]

(15) s.t. St4+1 = Atst + Bt’Ut + e, t= 1, . ,T‘7
(16) weVias., t=1,...,T.

Let Zy denote the convex set of (s,v) satisfying conditions (15)—(16). The follow-
ing property plays the role of a constraint qualification condition.

Definition 2. Problem (10)—(13) satisfies the uniform dominance condition
if there exists a pair (§,0) € Zy such that

it B Yy - B, 66,5} >0

This condition is the reason for considering constraints (11) in the finite
interval [a,b]. A constraint qualification of Slater type cannot be satisfied for
1 € R since for any random variable X the function F»(X;n) converges to zero,
whenever 1 — —oo0.

Theorem 1. Assume that the uniform dominance condition is satisfied. If
(5,0) is an optimal solution of (10)—(13) then there exist ¢ € &([a,b],D) such
that (§,0) is an optimal solution of problem (14)—(16) with ¢ = ¢, and

(17) E[p(G(3,0)] = E[p(Y)].

Conversely, if for some function ¢ € @([a,b],D) an optimal solution (§,0) of
(14)—(16) satisfies (12) and (17), then (8,0) is an optimal solution of (10)—(13).

Proof. Let us rewrite (12) as I'(s,v) € K, where I' : § x V — C([a,b] x D)
is a continuous operator defined as

[F(S/U)Knup) = F2(<p, Y)a”) - F2(<p7 G(37”)>§77)7 ne [CL, b]v p€D.

The set K is the cone of nonnegative functions in C([a,b] x D). Observe that
for every p € D the function (s,v) — n — (p,G(s,v)) is convex, for almost all
w € (2, and the function x — ()4 is convex and nondecreasing. Therefore, the
composition Fy((p,G(s,v));n) = El(n — (p,G(s,v)))+] is a convex function of
(s,v). It follows that the operator I' is concave with respect to the cone K. The
dual space to C([a, b] x D) is the space M([a, b] x D). We introduce the Lagrangian
A:SxVxMy(a,b] xD) — R,

T
(18)  A(s,v,A) = ZEGt(St,%) + EGri1(s741) +/[F(S»U)K77ap) Ad(n, p)).
=1 [a,b]xD
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The uniform dominance condition implies that the following generalized Slater
condition is satisfied: There exists a point (§,0) € Z( such that I'(5,0) € int K.
Moreover, (3,0) € Zy. By ([!] Prop. 2.106) this is equivalent to the regularity
condition: 0 € int[I'(Zy) — K|. Therefore, we can use the necessary conditions of
optimality in Banach spaces (see, e.g., [1], Theorem 3.4). We conclude that there
exists a measure A € M, ([a,b] x D) such that

~

(19) A(5,0,A) = (sI,il)aéXZo A(s,v,\)

and

(20) /[F2(<P7 Y)in) — Fa({p, G(3,8));m)] A(d(n, p)) = 0.
[a,b]xD

We shall transform these conditions to the postulated form. Using the repre-
sentation of Fb as expected shortfall and changing the order of integration, we
obtain

/ Fo((p, Y )im) Md(n, p) =

[a,b]xD

/ / max(0,17 — (p, Y (w))) P(dw) Md(n, p)) = ~EG(Y).
[a,b]x D2
with

pw) = - [max(On = (p.0) M), @€ B(at) x D)

Thus, condition (19) implies the optimality in problem (14)-(16), and condition
(20) implies (17).
Let us now prove the converse. If ¢ € ®([a,b] x D), then there exists a
measure A\ € M. ([a,b] x D) such that ¢(z) = — [ max(0,7 — (p,z)) A(d(n, p))
[a,b]xD
and therefore Ep(Y) = — [ Fo({p,Y);n) A(d(n, p)). Thus, the maximizer (3,0)
[a,b]xD
of problem (14)—(16) is also the maximizer of A(s,v, A). It follows from sufficient
conditions of optimality (see, e.g., [}] Prop. 3.3) that if (§,0) satisfies (11) and
(17) then it is optimal for (10)—(13). O
Theorem 1 can be used to derive more specific optimality conditions, in
particular, a maximum principle.
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